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2X Factorial Designs

Q k factors, each at two levels.

0 Easy to analyze.

2 Helps in sorting out impact of factors.
0 Good at the beginning of a study.

2 Valid only if the effect is unidirectional.
E.g., memory size, the number of disk drives
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22 Factorial Designs

Q Two factors, each at two levels.
Performance in MIPS

Cache Memory Size
Size 4M Bytes | 16M Bytes
1K 15 45
2K 25 75
B —1 if 4M bytes memory
A= 1 if 16M bytes memory
B —1 if 1K bytes cache
‘BT 1  if 2K bytes cache
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Model

Y =qo +9qATA T qBTB + qABTATRB

Observations:
15=4¢q0 —qa — g + qaB
45 =qo+q4a — qB — qaB
20 =qo —qa+ 4B —qaB
75 =4qo+q9a+qB + qaB
Solution:

y =404 20x 4 + 10xp + dxaxp

Interpretation: Mean performance = 40 MIPS
Effect of memory = 20 MIPS; Effect of cache = 10 MIPS
Interaction between memory and cache =5 MIPS.
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Computation of Effects

Experiment A B vy

1 1 1
Y 1 -1
3 -1 1 Ys
4 1 1

Y=(qo +4daTA+gBTB + JABTAZR

Y1 =490 —4A — 4B T 4AB
Y2 =qo +9a —gB — 4AB
Ys = 4o —q4a T 4B — 4AB
Ya = qo +4A + 4B T 4AB
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Solution:

Computation of Effects (Cont)

1
q0 Z(y1+yz+y3+y4)
1
g4 = Z( Y1 + Y2 — Y3 + Ya)
1
qB = Z( Y1 — Y2 + Y3 + Ya)
1
QABzz(yl—y2—y3—|—y4)
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Sign Table Method

I A B AB v
1 1 -1 1 15
1 1 -1 -1 45
1 -1 1 -1 25
1 1 1 1 75

160 &0 40 20 Total
40 20 10 5 Total/4
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Allocation of Variation

Importance of a factor = proportion of the varration explained

22 _
2 Zi:l (Z’Jz — y)z

Sample Variance of y = s =

Y 92 _ 1
22
Total Variation of y = SST = Z(yz — 37)2
i=1

For a 22 design:
SST = 2%¢% + 2%¢% + 2°¢% 5 = SSA + SSB + SSAB

Variationdue to A=SSA =X g,°

Variation due to B = SSB = Z# g7

Variation due to interaction = SSAB = % ¢,

Fraction explained by A= 954 Variation = Variance

SST
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Example 17.2

0 Memory-cache study:

1
g = (15+55+25+75) = 40
4

Total Variation = Z (y; — @)2
i=1
= (25 + 157 + 15 + 35%)
= 2100

— 4 %x20°+4x10°+4 x5

0O Total variation= 2100
Variation due to Memory = 1600 (76%)
Variation due to cache = 400 (19%)
Variation due to interaction = 100 (5%)
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General 2% Factorial Designs

a k factors at two levels each.

2K experiments.

2k effects: k main effects
k

two factor interactions

Lo & Do

three factor interactions...
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2 Design Example

2 Three factors in designing a machine:
> Cache size
> Memory size
> Number of processors

Factor Level -1 Level 1
A Memory Size 4MB 16MB
B  Cache Size 1kB 2kB
C  Number of Processors 1 2
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2X Design Example (cont)

Cache 4M Bytes 16M Bytes

Size 1 Proc | 2 Proc | 1 Proc | 2 Proc
1K Byte 14 46 22 H&
2K Byte 10 50 34 86

| A B C AB AC BC ABC y
1 -1 -1 1 1 1 -1 14
1 1 -1 -1 -1 1 1 22
1 -1 -1 -1 1 -1 1 10
1 1 -1 1 -1 -1 -1 34
1 -1 1 1 -1 -1 1 46
1 1 1 -1 1 -1 -1 5&
1 -1 1 -1 -1 1 -1 50
1 1 1 1 1 1 1 86
320 &0 160 40 16 24 9 Total
40 10 20 5 2 3 1 Total/8
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Analysis of 2k Design

SST = 2°(qi +4qp + G5 + qap + dac + dbe + Canc)
8(10% + 5° 4+ 20% +5° + 2° + 3% + 17)

800 4 200 + 3200 + 200 + 32 4+ 72 + 8 = 4512
18% + 4% + 71% + 4% + 1% + 2% + 0%

= 100%

2 Number of Processors (C) is the most important factor.
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ii
0 2% design allows k factors to be studied at two levels each
2 Can compute main effects and all multi-factors interactions

0 Easy computation using sign table method
2 Easy allocation of variation using squares of effects
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